In this paper we study descriptive set theoretic questions related to concepts of harmonic synthesis on the unit circle T, and their relationship with the structure of uniqueness sets.
(i) A function f A satisfies synthesis if (f, S) 0 for all S PM with f 0 on supp(S).
(ii) A pseudomeasure S PM satisfies synthesis if (f, S)= 0 for all fA with f= 0 on supp(S). This is equivalent to saying that S N(supp(S)), where for each E K(T), we let M(E) space of (Borel complex) measures whose (closed) support is contained in E, N(E) weak *-closure of M(E). We wish to classify the descriptive complexity of the above notions. For the first one, we look at the separable Banach space A and set X {f A" f satisfies synthesis}.
We claim that this set is G. For that notice that if Z(f)= {x T: f(x) o}, f -X, f J(Z(f)) ( For the third notion, we look at the space K(T) and the set S {E K(T)" E is a set of synthesis}.
It was shown by Kechris and Solovay, using a result of Katznelson-
McGehee [4] , that this is a II (coanalytic) not Borel set; see [6] , p. 346.
It thus remains only to classify the complexity of the second notion. We look here at the compact, metrizable with the weak *-topology unit ball BI(PM) of PM and the set a= {S BI(PM) S is synthesizable}. The proof of Theorem 1 is based on a rank argument (see [6] , pp. 110, 148). Given any closed set E K(T) define, by transfinite induction on a, a subspace M()(E) _ PM as follows:
M()(E) M(E), M(a+I)(E) (M()(E)) (a) the set of limits of weak *-converging sequences from M(')(E), M(X(E) 13 <xM("(E)' h limit.
For technical reasons we actually work with
MIni(E) M()(E)
the strong closure in (PM) of M(E).
For each E, there is a countable ordinal a with MtI(E)= N(E) (= MtI(E) for all/3 > a). So for each S define its order by ORD(S) least a such that S Mt"l(supp(S)).
Thus ORD: '-0) is a rank function on a. For each S /, ORD(S) is the smallest (transfinite) number of iterations of weak *-sequential limits that is needed to generate S from measures on its support.
After checking the easy fact that a is II, we show that ORD" '-to is _ UI* c_ U 0 are proper. In [6] it is shown that in some sense UI* is structurally very close to U. However, the gap (UI*, U0) remains more mysterious. Lyons [8] It turns out of course that U2* U0 is also proper as Lyons [8] shows by using the Piatetski-Shapiro method for the strictness of the inclusion UI* _c U0. In some sense, which perhaps some structural theorems can make precise, U2* seems close to U 0. We concentrate here on the gap (U l*, U2*). We introduce a transfinite decreasing sequence of classes Ul, and Ul*,a (the g-ideal generated by Ul, a) defined for 0 _< a _< to by E U,, Mt [6] is the level of definability of UI*. It follows from results of Solovay [11] , Kaufman [3] (see also [6] Of course a disproof of the conjecture would be also extremely interesting.
At this stage it is not even known whether U* Ul,*0 (a question already raised in Lyons [8] ). This is equivalent to asking whether there is a synthesizable pseudofunction which is not a strong limit of measures on it support.
Lyons' result that U* U 0 means that there are pseudofunctions which are Before we proceed to the proofs of the results discussed in this introduction we would like to point out in general that the reader will find helpful material in the following references (listed at the end of the paper): [2] ., especially Ch. 3 and 4 and [6] , especially Ch. V, VIII, X. For the proof of that theorem we will need the following lemmas. So assume x* w,. We will first show that for x* , is a ll-rank on '. As in the proof in p. 175 of [6] [7] and Piatetski-Shapiro [10] ; see also [6] . It has been shown in [6] that UI* is in some sense structurally very close to U. The following fact proved in [6] It is now a classical fact (see again [0] ) that in each compact metric space X there is a Borel map s: K(X) X such that s(E) E for E 4: .F ixing a countable subset {fn} of BI(A) which is norm-dense in BI(A) and applying this to the weak *-closed sets Following the proof on p. 308 of [6] we construct inductively a sequence of Borel functions SI(E), S2(E),... from M1 into BI(PM) and nl(E), n2(E),.., from Mi into N such that
The main fact that we use in making S, $2,... Borel is the following uniformization result of Arsenin and Kunugui (see [0] ). these can be found in a Borel way from E so by the usual "iterating and averaging" argument (see [6] , p. 276), S2(E), n2(E) can be defined in a Borel way satisfying the required conditions. Finally we use the following standard fact.
LEMMA 8. Let X be a compact metric space. There is a Borel function f:
X N X such that f({Xn}) is a limit of a converging subsequence {xn) of {Xn}.
Applying this to the sequence {Sn(E)} for E Mi we obtain a Borel function E Mi T(E)which assigns to each E Mi a weak*-limit of a subsequence of {Sn(E)}. By the properties of {Si(E), ni(E)} it follows that if E #: , E M' then T(E) 0 and T(E) NI(E) c3 PF. [1] (see also [6] ).
One of the most interesting implications of the preceding result is that a proof of the conjecture would establish that U1, UI* are not II. It is already known from work of Solovay, Kaufman that U1, UI* are not (see [3] , [11] , [6] (1) For a 0 or successor, span (K,(E)) M,')(E).
For a A limit, span(Ka(E)) (2) For any a, PF 3 span(K(E))= PF t3 M)( E).
We define now a sequence of norms on A.
Note that
Ilfll,e sup{l<f, S>" S K(E)} Ilfll0,e Ilfllc) ( the sup-norm of the function fiE)
Ilfll0, e -< Ilfll 1, E --< < Ilfll+ 1, E --< < Ilfll + Let E U{ \ U by K6rner's Theorem (see [7] , also [6] Thus Eb E. Now recall from [6] that the map F" K(T) K(BI(PM))
given by"7(E)= N(E) ( We conclude with some open problems (for th definition of the concepts involved see [6] ):
Is U* (0 < a < (0 I) calibrated? Is is locally non-Borel? Can every ZI set in (U*)int be covered by countably many Ul*,-sets? 1, 
